In this paper, a mixture of generalized Cauchy distribution and Rayleigh distribution that possesses a closed-form expression is proposed for modeling the heavy-tailed Rayleigh (HTR) distribution. This new approach is developed for analytically modeling the amplitude distribution of ultrasound images based on the HTR distribution. HTR as a non-Gaussian distribution is basically the amplitude probability density function (PDF) of the complex isotropic symmetric α-stable (SαS) distribution which appears in the envelope distribution of ultrasonic images. Analytic expression for HTR distribution is a momentous consideration in signal processing with stable random variables. Furthermore, we introduce a mixture ratio estimator based on the energy of amplitude PDF which contains both α and γ parameters. For a quantitative assessment, we compare the accuracy and computational complexity of the proposed mixture with other approximations of HTR distribution through several numeral simulations on synthetic random samples. Experimental results obtained from the Kolmogorov-Smirnov (K-S) distance and Kullback-Leibler (K-L) divergence as the goodness-of-fit tests on real ultrasound images reveal the favor of the new mixture model.
Introduction
In the medical context, ultrasound provides a noninvasive technique of imaging human anatomy with good visualization characteristics and relatively easy management [1] . As a widely used medical imaging modality, ultrasound applications include cardiology, urology, obstetrics and gynecology, general abdominal imaging, vascular imaging, ophthalmology, orthopedics, and surgical procedures [2, 3] . B-mode (brightness mode) has been the widely accepted method for ultrasound imagery. In this mode of ultrasound, a linear array of transducers simultaneously scans a plane through the body that can be viewed as a 2D image on screen [4] . Modeling the distribution statistics of ultrasound images has its own importance and strongly depends on a comprehensive knowledge of tissue scattering mechanism [5] . In recent years, there has been a growing interest in modeling the amplitude probability density function many classes of ultrasound images [13] . The main consideration in signal processing with HTR distribution is having no closed-form expression for its statistics. In other words, there is no analytic formula for the PDF of the HTR distribution. One solution to overcome this limitation is utilizing the mixture approximation. This drawback also makes it difficult to estimate its parameters (it is difficult to derive the maximum likelihood (ML) estimators). We propose a new approximation with a tractable density, with a novel estimator for its mixture ratio.
For the HTR distribution to be practically used for any ultrasound imagery application, one must be competent to estimate the parameters characteristic exponent, α, and dispersion, γ , from the observed data. The ML estimate can be obtained by letting the derivatives of the loglikelihood function to zero and solving the resultant transcendental equations. Although, it is time consuming and is not an effective procedure. Moreover, the most important disadvantage of this method is having no explicit expressions for parameter solutions. In the method of moments (MOM), only the negative-order moments of the distribution were exploited to estimate the parameters [14] . The method of log-cumulants (MOLC) is an extension of MOM, by utilizing the Mellin transform (MT) in place of the usual Fourier and Laplace transforms in statistical computations [15] . Still by analogy with classical statistic for scalar real random variables defined in R + , the second characteristic function (CF) of the second kind is defined as the natural logarithm of the first CF of the second kind. Parameter estimation based on the MT is a high accuracy and precision method to extracting the statistical features of ultrasound images.
A typical problem in ultrasound signal processing for coherent image formation is that the tissue scatterer is influenced by multiplicative speckle noise [16] . The multiplicative model was proposed for describing the statistical properties of the ultrasound returns. According to the multiplicative model, several PDFs are developed such as log-normal distribution, K-distribution, and G-distribution. K-distribution is a particular form of the G model, which assumes both the tissue and the speckle component as gamma distribution [17] . Rician inverse Gaussian (RiIG) distribution is derived under the assumption that the scattering process acts as a Wiener Brownian motion with drift, superimposed on an inverse Gaussian (IG) distributed stopping time [18] . In many respects, this model is similar to the K model, but it has a flexible parameterization, which makes it more versatile.
Through this paper, we statistically model the envelope distribution of ultrasound images as a new generalized Cauchy-Rayleigh mixture approximation based on HTR distribution. Moreover, analytical derivation for mixture ratio estimation based on the characteristic exponent parameter and the dispersion parameter of HTR distribution which has closed-form expression is derived.
The rest of this paper is organized as follows. Section 2 provides the problem statement for describing the statistics behavior of ultrasound images and related parameter estimation methods. Specifically, three major mixture approximations of HTR distribution are given. In Section 3, our novel mixture approximation for HTR distribution is proposed and derivation of the mixture ratio estimator is provided. We also evaluate the performance of our proposed model through numerical simulations in Section 4. Furthermore, Section 5 provides experiments on real ultrasound images of different kinds. Finally, the paper is concluded in Section 6.
Amplitude statistics of ultrasound images
In this section, the prominent models used for modeling the amplitude PDF of ultrasound images are examined. We consider the RiIG model, the K model, and the HTR model with their parameter estimation methods.
RiIG distribution
A mixture of the Rice distribution [19] and the inverse Gaussian distribution homonymous to the Rician inverse Gaussian (RiIG) distribution has been addressed as a function of three parameters for amplitude statistics of ultrasonic images [18] . This model introduces a new compound statistical model for modeling non-Rayleigh amplitude signals. The RiIG PDF is given by
where
(·) is the modified Bessel function of the second kind and I 0 (·) denotes the modified Bessel function of the first kind. It can be seen from (1) that the model has three parameters and it has capability to cover a wide range of shapes. Parameter estimation of the RiIG model is performed based on the iterative maximum likelihood method (IMLM). Let {r k }, k = 1, 2, · · · , N, denote a set of independent observations of RiIG-distributed random variables. For some initial values for a 0 and δ 0 and letting v k = r 2 k + δ 2 0 ,μ may then be estimated from the ultrasound data as the following:
and the estimate ofμ −1 is expressed as
Using (2) where,
The exact solution to this optimization must be numerically accomplished. The aforementioned steps should continue till a maximum number of iterations has been reached or till the desired convergence is achieved. From another point of view, the RiIG distribution has similarity to the K model; whereas its parameter estimation procedure is more computationally expensive, RiIG posterior distribution can be expressed in analytic form, which makes it facile to establish a maximum a posteriori (MAP) speckle filter.
K-Distribution
K-Distribution is the most famous distribution for modeling the amplitude PDF of non-Rayleigh ultrasound which was first proposed to describe the spatial distribution of certain larvae in terms of a two-dimensional (2D) Brownian motion model, coupled with an exponential birth-death distribution [20] . In other words, the number of scatterers from the tissue is in itself a random variable and the population of scatterers is controlled by a birth-death-migration process. Unlike the RiIG model, the K-distribution is a two-parameter model. The corresponding amplitude distribution of the ultrasound image based on the K-distribution is defined by
where K ν (·) is the modified Bessel function of the second kind. Also for the K-distribution, the parameter estimation can be done by the solution of the following equations [21] :
wherek n denotes the log-cumulant of degree n.
HTR distribution
PDF for α-stable random variate is provided by taking the inverse Fourier transform of its characteristic function (CF) [22] . Suppose −∞ < x < ∞ and x ∼ S(α, γ , β, μ), its PDF is completely determined by four parameters; however, a closed-form formula does not exist for its PDF [23] . α is the characteristic exponent and it determines the shape of the distribution (0 < α ≤ 2), γ is the dispersion or scale parameter of the distribution and plays a similar role to the variance of the Gaussian distribution (γ > 0), β is the index of skewness (−1 ≤ β ≤ 1), and μ is the location parameter (μ R). The case β = 0 corresponds to the symmetric α-stable distribution (SαS). A complex random variable x = x i + jx q = re jφ is SαS if x i and x q are jointly SαS and symmetric. So x is a symmetric bivariate α-stable r.v. The PDF of x i and x q is SαS distributed; furthermore, the absolute PDF of x is distributed according to a HTR distribution [13] .
In [24] , a new method was proposed to generalize the Gaussian model for the complex received ultrasound signal by assuming both real and imaginary components to be distributed according to an α-stable distribution. The backscattered ultrasound RF signals establish a stable process which has non-Gaussian α-stable limit distribution, and the envelope of the backscattered signal is shown to follow a HTR distribution. This HTR model has more flexibility than the classical Rayleigh model by considering the impulsive behavior of ultrasound images [14] . Hereinafter, we focus on HTR distribution with 1 ≤ α ≤ 2, which is defined in terms of its CF, as the following:
where, ω = (ω 1 , ω 2 ) = ω 1 + jω 2 . In the literature [25] , the HTR distribution is defined as
where r is the amplitude and J 0 (·) is the Bessel function of the first kind. The PDF characterized by (9) is demonstrated as an empirical model which is ideal for modeling ultrasound amplitude RF returns. The reason for this appellation is that this new generalized form of the Rayleigh distribution can illustrate impulsive behavior and has heavier tails rather than the classical Rayleigh distribution. Therefore, the noise-free ultrasound return signal amplitude PDF can be modeled by HTR distribution. Since the HTR distribution assumes the zero probability at the origin (f (r) = 0 at r = 0), the ultrasound images should have no pixel with zero intensity (black margins). An analytic formula only exists for two special values of α. The case α = 2 is the following:
which is basically the classical Rayleigh distribution. The other special case is α = 1:
which corresponds to the generalized Cauchy distribution. Furthermore, for other values of α, the integral in (9) has no closed-form solutions; however, asymptotic series expansion exists. Now, we consider the problem of parameter estimation of the proposed mixture model. The underlying parameter estimation based on the second-order cumulants is derived using MOLC as an approach for statistical parameter estimation different from the MOM [15] .
Estimating α and γ from envelope ultrasound B-mode samples is particularly important [11] . The log-cumulants of heavy-tailed α-stable distribution which exist for all orders are given as the following [8] :
andk
where ψ(·) is a digamma function and ψ(n, ·) denotes a polygamma function of order n. Consequently, we can evaluate the characteristic exponent,α, as the following [25] :
Substitutingα in (13) and setting n = 2, we note that the problem turns to solve the following equation:
Finally, by estimatingα andγ , the corresponding mixture ratio estimate is procured.
Existing approximations
A mixture approximation for modeling the amplitude statistics of isotropic α-stable clutter has been proposed in [26] based on the mixture ratio of SαS. As already mentioned, isotropic α-stable distribution is the amplitude PDF of SαS distribution. This mixture approximation does not provide any method to estimate the mixture ratio and it employs the traditional mixture ratio used in approximating the SαS [27, 28] , such as the logarithm moment (LM) method and the fractional lower order of moments (FLOM) method:
• LM1 method:
• LM2 method:
• FLOM method:
where ε α is the mixture ratio and p denotes the pth-order moment which is not necessarily an integer and positive.
The main disadvantage of these methods is the utilization of SαS mixture ratio for HTR distribution, whereas the HTR distribution is the amplitude PDF of a complex SαS random variable and is not symmetric.
In the next section, we propose our model for amplitude PDF of ultrasound images based on a mixture approximation of HTR distribution.
Proposed model
To provide a closed-form expression for the amplitude PDF of ultrasound images which have been modeled as a HTR distribution, the generalized Cauchy-Rayleigh mixture approximation is proposed. Our proposed method constructs a new mixture for HTR distribution in the context of ultrasound image applications in which its mixture ratio contains both a characteristic exponent and a dispersion of the HTR distribution, α and γ . Since the SαS random variable representation as a scale mixture of the Gaussian random variable is traditional and therefore PDF of SαS can be approximated by a finite Gaussian mixture model (GMM) [29] , it suggests that a similar non-Gaussian mixture model may be useful for HTR random variables. In the following, the proposed mixture approximation based on α and γ with mixture ratio estimation is introduced.
Proposed mixture approximation
As already stated in the introduction, the LM1, LM2, and FLOM mixture ratio estimators which are employed to model the HTR distribution are only based on the α and they connive the role of γ in estimating the mixture ratio, which is the main disadvantage of these methods. Furthermore, these methods are based on the moment and log-moment of SαS distribution, whereas the HTR distribution is the amplitude of complex SαS distribution which differs from traditional SαS distribution. Here, we propose a new mixture for modeling the amplitude PDF of ultrasound images based on the non-Gaussian assumption and a new version of the generalized Cauchy-Rayleigh mixture approximation, in which its mixture ratio is a function of α and γ (ε α,γ ). We will confine our attention to zero-mean bivariate isotropic α-stable distribution. HTR distribution evaluation as defined in (9) requires time-consuming numerical methods to approximate the integral; however, the convergence of the integral may not be obtained because an infinite number of oscillations occurs by Bessel function. Our new mixture model is defined as the following equation:
where ε α,γ is the mixture ratio and f 1,γ (r) and f 2,γ (r) were defined in (11) and (10), respectively. This mixture model requires only two parameters, and it can capture the algebraic tail as well as the mode. We also estimate ε α,γ based on a novel approach using the HTR CF. The PDF given in (19) can be expressed equivalently in the Fourier domain as a mixture of generalized CauchyRayleigh CF. Using (8), (9), and (19), we have,
It is noted that (20) is analytically characterized, and hence, mixture ratio estimation with a closed-form expression is achievable. In the following, we introduce an estimator for the mixture ratio which is basically based on the energy stored in the CF of the distribution.
Mixture ratio estimation based on α and γ
Our approach considers the equality of the energy of the distribution on both sides of (19) . According to Rayleigh's (Parseval's) theorem, the total energy stored in the r domain is equal to the total energy stored in the ω domain. Therefore, the energy of 2D CF is obtained as,
The right side of this equation has three terms. For simplicity, this equation can best be described as, (22) where I α , I 1 , I 2 , and I 12 are the coefficients related to HTR CF, as the following:
For computing the value of I α , a change of variable has been done as ω 1 = ρ cos θ, ω 2 = ρ sin θ as follows:
using table of integrals [30] , we find that
The integral over θ results in 2π; hence, I α is easily obtained as the following equation:
It is obvious from the above equation that the value of I α depends on both α and γ . Similarly,
and
I 1 and I 2 are functions of dispersion, γ . Finally, I 12 is calculated as,
in which an additional change of variable as y = ρ 2 + ρ is needed, so we have
From [30] , we may write, where (·) is the error function. Hence,
Substituting I α , I 1 , I 2 , and I 12 in (22), we have a quadratic equation which is a polynomial of degree 2.
We need to analyze separately an extra step to descend the roots from two to one. The only acceptable root is,
Note that ε α in (16) and (17) is a concave function of α, whereas ε α in (18) may be a concave or convex function based on the values of α, p. Furthermore, ε α,γ in (32) is also a concave or convex function based on the values of α, γ . In Fig. 1 , the behavior of the mixture ratio versus the different values of α is demonstrated. It can be seen that for α = 1, ε α,γ = 0 and for α = 2, ε α,γ yields to 1.
The proposed mixture approximation is a model for the amplitude PDF of complex SαS or HTR distribution. So, only the ultrasound image in which its related RF signal is symmetric (with no skewness) can be modeled with this approach. However, in many applications, the symmetric distribution is considered.
Simulation results
In this section, for quantitative evaluation of the proposed mixture, simulations in terms of error, K-S distance, K-L divergence as the goodness-of-fit tests, and computation time are provided. The appropriate choice of moment order plays an important role on FLOM technique for estimating the parameters, −2 < p < −0.5 [25] . According to the simulation results, we use p = −0.5 as the best choice while estimating the parameters of the HTR distribution.
Proposed mixture approximation assessment
Now, we compare the capability of the proposed mixture with others in approximating the HTR PDF. Note that the existing approximations for the HTR distribution do not have their own mixture ratio, but they use the mixture ratio of the SαS distribution; in other words, they do not consider the dispersion parameter in estimating the mixture ratio. In Fig. 2 , the amplitude PDF of an ideal HTR distribution (9) and its approximations based on the LM1, LM2, FLOM, and proposed mixture are depicted for α = 1.25, γ = 1.5 with N = 10, 000 samples. As illustrated in this figure, the proposed mixture approximation fits more precisely the empirical HTR obtained from the samples, while sample size is small and the statistics of distribution is impulsive.
Moreover, Fig. 3a shows the approximation error between the HTR and corresponding mixture approximations for different values of α. We used the following definition of error for evaluating the performance of the proposed method, error (dB) = 10 log 10
Even though the behavior of the samples is very impulsive due to the small values of α, the performance of the proposed method is significantly better than the other models. Figure 3b also examines the effect of sample size on the error between the empirical PDF and approximations through 1000 simulations. It is simply seen that the value of error decreases by increasing the sample size. In this figure, only different sample sizes form 10,000 to 100,000 are plotted. Since LM1, LM2, FLOM, and the proposed mixture ratios have the same value (0) for α = 1 (generalized Cauchy distribution) and the same value (1) for α = 2 (Rayleigh distribution), their performance and resultant error are the same at the beginning and at the end of Fig. 3a. 
K-S distance
K-S distance as a nonparametric test of the equality of continuous PDF has been successfully employed to compare a sample with a reference PDF. This statistic criterion determines a distance between the empirical cumulative distribution function (CDF) of the sample and the CDF of the reference distribution as the following: where sup is the supremum and F α,γ (·) and F app α,γ (·) denote the empirical CDF and the CDF computed from the approximated PDF, respectively. The K-S distance computed for the true HTR distribution and its four approximations is depicted in Fig. 4a based on different characteristic exponents from impulsive (α = 1) to smooth (α = 2) statistics, γ = 1.5. We carried out 1000 simulations to estimate the K-S test similar to the previous section for synthetic samples of a HTR distribution with α = 1.25, γ = 1.5 and for 10, 000 ≤ N ≤ 100, 000, and the simulation results are demonstrated in Fig. 4b . In this way, as discussed before, the performances of the mixture estimators is identical for α = 1 and α = 2, while at the middle of the region (α = 1.5), the lowest efficiency appears.
Computation time
Now, the performance of the HTR mixture ratio estimators is verified in the context of time complexity and in terms of execution time on a machine. To compare the computation time of LM1, LM2, FLOM, and the proposed method, the number of samples (N) plays an important role. On the other hand, the algorithm used to estimate the parameters of the HTR distribution is the same for all four aforementioned methods, so this step imposes a constant burden on all estimators. LM1 uses one addition and the number of its multiplications is two, whereas LM2 requires one addition and five multiplications. The number of additions and multiplications for FLOM are five and three, respectively. Moreover, a computation of a gamma built-in function is needed. The complexity of our estimator in terms of the number of multiplications is O (1) . The computation time in the proposed method is directly dependent on the calculation of exponential and error function. In addition to the above discussion, the computation time of the estimators is examined by performing 1000 simulation runs. The mean computation time for four mixture ratio estimators of the HTR distribution based on the proposed and the LM1, LM2, and FLOM methods is illustrated in Table 1 for different values of N = 10 3 , 10 4 , 10 5 , 10 6 and α = 1.5, γ = 3. All the 1000 simulations are performed on a PC machine with 64-bit operating system and Intel Core i5-2430M CPU and 4-GB RAM under MAT-LAB 2012a. As predicted, the computation time of our estimator is greater than the other methods, and the LM1 method has the smallest computational burden. On the other hand, since the proposed estimator considers both α and γ in estimating the mixture ratio, it is efficient in the context of accuracy and goodness of fit.
Experiments on real ultrasound images
The congruence of the proposed mixture approximation based on the HTR distribution as a non-Gaussian statistical tool for modeling the amplitude statistics of medical ultrasound images is experimentally scrutinized. For experimental assessment, we used four rectangle B-mode ultrasound images: (1) common carotid artery (CCA) in longitudinal section; (2) thyroid cyst, internal calcification; (3) pancreas in tissue harmonic mode; and (4) breast mass. This dataset is provided by the SPLab research group of the Brno University of Technology and the images taken from Samsung Medison ultrasound scanners. In this study, we consider only ultrasound images; however, the results in this paper are general and can be used to model other types of medical images [31] . The resolution of images is 300 × 300 pixels. The ultrasound images used in the simulations are shown in Fig. 5 . Using the MOLC estimator, Fig. 6a give a comparison between our proposed scheme for amplitude distribution and previously studied amplitude distributions for the image taken from CCA. Figure 6b also illustrates that the envelope of signals backscattered from thyroid cyst is best defined by the HTR model using proposed mixture approximation Fig. 7a, b , it can be apperceived that the proposed mixture approximation precisely fits the empirical PDF and the tail of the empirical data with respect to those of the HTR-LM1, HTR-LM2, and HTR-FLOM mixture approximation models for ultrasound images taken from the pancreas and breast mass, respectively. We find that the HTR-proposed distributions provide a better fitness than the K, RiIG, HTR-LM1, HTR-LM2, and HTR-FLOM distributions. It is very important to note that the RiIG model has three parameters, whereas the HTR and K models have two parameters. Table 2 displays error for different models used for ultrasound images. However, when compared to other amplitude PDF estimation methods in ultrasound imagery, the HTR-proposed approach has a lower error. The errors of the proposed method for ultrasound images are 4.3804, 0.1298, 0.0185, and 0.2388 dB lower than the best error obtained based on the other methods. In Table 3 , the parameter estimation for the six models 
K-L divergence
In the following, we present the experimental results obtained from the K-L divergence test by our proposed method with the ones obtained by K, RiIG, HTR-LM1, HTR-LM2, and HTR-FLOM. For distributions f α,γ (r) and f app α,γ (r) of a continuous random variable, the K-L divergence or K-L distance is defined to be the following integral:
where f α,γ (r) denotes the empirical PDF. The above equation is a measurement of the difference between two probabilities; particularly, it denotes the information lost when f app α,γ (r) is used to approximate f α,γ (r). Table 4 depicts that the HTR-proposed model has the lowest value and it improves the best goodness of fitness obtained with other methods by 22.8, 86.7, 2.9, and 1.8% in the context of the K-L divergence criterion.
L m -Norm
Finally, in order to investigate the validity of the error criterion, we further perform simulations to measure the L m -norm between the PDF estimated by different models and empirical PDF obtained from real ultrasound data. For a real number m > 1, L m -norm is defined by, 
We apply the proposed parametric method for mixture ratio estimation of the CCA ultrasound image. In Fig. 8 , the simulation results for the six different techniques are given. It can be deduced from this figure that the proposed method has better consistency with the different-distance criterion defined as L m -norm. Comparing the L m -norms, we realized that the value of error remains approximately constant for m > 5. Numerical results verify that the developed model has the superior performance and the RiIG model has the worst performance for amplitude PDF estimation.
Conclusions
In this paper, an effective scheme for statistically nonGaussian modeling of the amplitude PDF of ultrasound images is proposed. The basic idea of the model is to represent a mixture approximation for HTR distribution with a closed-form formula whose mixture ratio is a function of both α and γ . In particular, we not only consider the characteristic exponent on estimating the mixture ratio but also the influence of dispersion has been investigated. Performance comparison between the proposed method and the existing ones is adopted through several Authors' contributions MHB elaborated the novel generalized Cauchy-Rayleigh mixture, carried out the experiments and statistical analysis of the images, and participated in drafting the manuscript. HA participated in the conception and design of the study, offered useful suggestions, and helped to draft the manuscript and revise it critically for important intellectual content. Both authors read and approved the final manuscript.
